15UEC904 LINEAR CONTROL ENGINEERING

UNIT Il - TIME RESPONSE ANALYSIS




Topics to be covered

U Time response

U Types of test input

U | order/ll order system responses
U Time domain specification

U Error Coefficients

U Steady state errors

u P. PIl, PD,PID controllers



Introduction

u Intime -domain analysis the response of a dynamic system to an input Is
expressed as a function of time.

) —»  system — c(t)

u Time response of the system is defined as the  output of a system when
subjected to an input which is  afunction of time.

u Itispossible to compute the time response of a system if the nature of
Input and the mathematical model of the system are known .

u A control system generates an output or response for given input.

u The input represents the desired response while  the output is actual
response of system.



DEFINITIONS

TIME RESPONSE: The time response of a system is the
output (response) which is function of the time, when
input (excitation) is applied.

Time response of a control system consists of two parts

v \

1. Transient Response 2. Steady State Response
Mathematically, c(?)=c,(7)+c_(7)
Where, ¢, (7) = transient response

c.. (7) = steady state response




Time Response of Control Systems

AWhen the response of the system is changed from equilibrium it takes

Step Input

Response 98

some time to settle down .

AThisiscalled transient response .

AThe response of the system after
the transient response is called
steady state response.




Time Response of Control Systems

ATransient response depend upon the system poles only and not on the
type of input .

Altistherefore sufficient to analyze the transient response using a step input .

AThe steady -state response depends on system dynamics and the input
quantity .

Altisthen examined by using different test signals.



Standard Test Signals

u

For time response analysis of control systems, we needto subject the system to
various test inputs .

Testinput signals are used for testing how well  a system responds to known input

The characteristics of actual input signals are a sudden shock, a sudden change, a
constant velocity, and constant acceleration

The dynamic behavior of a system is therefore judged and compared under
application of standard test signals 6 an impulse, a step, a constant velocity, and
constant acceleration

The other standard signal of great importance isa sinusoidal signal.




Standard Test Signals

u Impulse signal

u The impulse signal imitate the sudden shock
characteristic of actual input signal.

a(t)

u If A=1, the impulse signal iscalled unit impulse
signal .




Standard Test Signals

u Step signal

u The step signal imitate the sudden change
characteristic of actual input signal.

u(t)

u If A=1, the step signal iscalled unit step signal



Standard Test Signals

u Ramp signal

u The ramp signal imitate the constant
velocity characteristic of actual input 10
signal .

u If A=1, the ramp signal is called unit t
ramp signal



Standard Test Signals

u Parabolic signal

u The parabolic signal imitate the constant acceleration
characteristic of actual input signal. p(t)

u IfA=1, the parabolic signal iscalled unit parabolic signal.




Relation between standard Test Signals

u Impulse

u Step

u Ramp

u Parabolic



TABLE 2-1 : Standard Test Signals

Name of the signal Time domain equation Laplace transform of
of signal, r(t) the signal, R(s)
A
Step A o
. I
Unit step 1 <
A
Ramp At =
1
Unit ramp t 2
A
At? 2
Parabolic 3 o3
£2 |
Unit parabolic B &3
Impulse o(t) 1




ORDER OF THE SYSTEMS

| m m-1 m—2
Transfer function, T(s) = PS) _ BoS” +b;8™ +bys™ 4.
Q(s) a,s" +a,8"" +a, SD_E—[-__”""

where, P(s) = Numerator polynomial

Q(s) = Denominator polynomial

Now, n is the order of the system

When n = 0, the system is zero order system.

When n = 1, the system is first order system.
W]




T(s)z—l:ﬁz.- (s+2z)(s+2,)
Q(s) (s+py(s+p,)

where,

The value of n givesthe no. of poles in the transfer
function.

Hence the order Is also given by the no. of poles of the
transfer function.



TIME RESPONSE OF FIRST ORDER SYSTEMS

For Impulse Input:
The response of the system when the input signal is an Impulse signal.

R(s) =d(s) =1

The transfer function is given by

C(s) 1
R(s) Ts+1




u The firstorder system has only one pole .

u Where isthe D.C gain and isthe time constant of the system.

u Time constant is a measure of how quickly a 1%t order system
responds to a unit step input.

u D.C Gain of the system is ratio between the input signal and the
steady state value of output .



Impulse Response of 1 st Order System

C(s) = —

Ts+1

u Re-arrange following equation as

K/T

C(s) =
(5) s+1/T

Aln order to compute the response of the system in time domain we need to
compute Inverse Laplace transform of the above equation .




u Thefirst order system given below .

10
3s+1

A D.C gain is10 and time constant is3 seconds .

G(s) =

A For the following system

G(S) — i

S+5

~ 3/5
1/5s+1

A D.C Gain of the system is3/5 and time constant is1/5 seconds .



Impulse Response of 1 st Order System

Alf K=3 and T=2s then K/T*exp(-t/T)

0 2 4 6 8 10
Time




Step Response of 1 st Order System

u Consider the following 1 Storder system with step input

For stepnput;
rt)=u(t)=1t> =0

R(s) =U (s) :%




Step Response of 1 st Order System

R(s) 1/s /T

(9)= (Ts+1) Ts+1 i S(s+1/T)

puts=0; A=1
puts=-1/T; B=-1

1/T = A(s+%) + Bs




Step Response of 1 st Order System

u Taking Inverse Laplace of this equation




Step Response of 1 st Order System
A T=1 3, 5, 7 seconds C(t) =\1l- e U

K*(1-exp(-t/T))




Step Response of 2 " Order System

0° . (s) o
s+ 200.$ s°+ 20,5+ 02

n —» Un-damped natural frequency of oscillations

& —> Damping factor

C(s) _ 2

n
R(s) s +25ow s+o-

where, ®_ = Undamped natural frequency, rad/sec.

C = Damping ratio.




Damping - A reduction in the amplitude of an oscillation as a result of energy
being drained from the system to overcome frictional or other resistive forces.

The damping ratio is defined as the ratio of the actual damping to the critical damping, The
response c(t) of second order system depends on the value of damping ratio. Depending on the value of
G, the system can be classified into the following four cases,

Casel : Undamped system, (=0
Case2 : Under damped system, = 0<[<]

Case3 Critiﬁallj; damped system, (=1

Case4 : Over damped system, C>1




The characteristics equation of the second order system is,

s’+200s+ 0! =0

It is a quadratic equation and the roots of this equation is given by,

2o, #4203 ~dol 2o, * 40l -1)

2

According the value of ¢ , a second-order system can be
classified into one of the four categories

51, =




Undamped (€ = 0) -the system has (WO
Imaginary poles. +jw,
jw

. X Jwy
When(=0, s, s, =tjo,:

roots are purely imaginary
and the system is undamped

The system response is oscillatory.




Critically damped (¢ = 1) - the system has two real but
equal poles

=—Cmnian<;2_-;

When(=1, s, 8, =0,

roots are real and equal and A
the system is critically damped

The two poles are —w,,

jw

-un

The response rises slowly and reaches the final value
without any oscillations




Overdamped ( € >1) - the system poles are real and distinct

jw

When(>1, s;, s, =-L0, :tmpq.f(;z -1

roots are real and unequal and
the system is overdamped

The response has no oscillations, but it require longer time to reach its
steady state value




Underdamped (0 < € <1) - the system has @ pall of
complex conjugate poles —{w, tjw,y1-§>

When&>1, s, 5, =-L0, :i:+r:|:|k,jlq.f€_,2 -1

roots are complex conjugate
the system is underdamped

=_€mnijmd ’ {

2
where, o4 =0,y1-C

—jwg

The transient response is oscillatory.




RESPONSE OF UNDAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPU

The standard form of closed loop transfer function of second order system is,

C(s) _ (0,2,
R(s) s°+2L0,5+ co,z,

For undamped system, z = 0.

L C(s) _ oy
"R(s) §+o

]
When the input is unit step, 1(t)=1 and R(s) = =




1
When the input is unit step, 1(t)=1and R(s)= o

2

| 2
: O 1 o
: in s- s) = R(s =—
-. The response in s-domain, C(s) = R(s) " L
"By partial fraction expansion,
| 0, _A _B -
C(s) = =-=t Comparethecoefficierns of s*:

2 2x 2 2
+@® $-.§ +O
84 a) . - O0=A+B

A=-B

Comparethecoefficiens of s:

0=C \ C=0
Comparethecoefficients of constant :
W = AW

A=1

n

(s> +W?) s SP+wW
we = A(s® +wW?) +(Bs+C)s
W = As’ + AW + BS’ +Cs

W2 A Bs+C
S

and B=-1



weknowthat: Unit stepresponsef

1 |l ordersystem
OntakinginverselL.T.: L'l(g) = u(t) ForUnit stepinput:
c(t)=1- cosw.t

c(t) = u(t) - cosw.t L *( > ) = coswt

2_|_W




Fig 2.9.a : Input. Fig 2.9.b : Response.

Fig 2.9 : Response of undamped second order system for unit step input,

- Note : Every practical system has some amount of damping. Hence undamped system does not
exist in practice.

. For closed loop undamped second order system,

Unit step response = 1— cos o_t



RESPONSE OF CRITICALLY DAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is,
Cis) ®’

1
R(s) 5% + 200 5+ mﬁ -

For critical damping £ = 1.
MeEhon 9 diinadis

T R(s) & +2mns+m§ (s+0,)°

When input is unit step, r(t) = 1 and R(s) = 1/s.

'. The response in s-domain,

{L‘.IE

C(s) =R(s) =
(s4+a




By partial fraction expansion, we can write,

02 A B C
= -l. F.I-=... ,_I.,._....._._.2 _|_
s(s+w,)” 8 (s+@, ) s+

Puts=w,

C
= +
s(s+w.,)° s (s+w)° s+w

W = AAw + Bw, +C2wW°
2 2 2 2
we = A(s+Ww, ) + Bs+Cs(s+w,) Wo = AW, - W, + 2w,
w2 =3w +C2w’

Puts=0

WA= Aw? \ A=1 W =w’[3+2C]
1=3+2C
2C=-2

C=-1

Put s=-w,

wo=B(-w) \ B=-w,




o=, B C L ew ]

s (sto,) s+te;, s (sto,)’ s+,

We know that;

The response in time domain,

c{t]=E;{C(5)}:L_I{~1~ @r 1 }

s (s+m_ ) sta

(t)=1-w te™@ —g™'

c()=1-e"""(1+o 1)

The response has no oscillations

> >
L ¢ T
Fig 2.11.a > Input. Fig 2.11.b : Response.

Fig 2.1] @ Response of critically damped second order system for unit step input.



RESPONSFE OF UNDERDAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is.

Cls) W,
R(s) %+ 200, 5+ mi

For underdamped system, 0 < £ <1 and roots of the denominator (characteristic equation) are
complex conjugate.

=y LN

The response oscillates before setting to a final value. The oscillations
depend on the damping ratio.




RESPONSE OF OVER DAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

The standard form of closed loop transfer function of second order system is,

C(s) . ». For closed loop over damped second order system,

1 {&™

_ E—E:T.
Unit step responsg = |-—=——= — - ]
2JEE-1 By %

R(s) §*+200 s+0°

For overdamped system C > 1.

- =
t B— t
Fig 2.12.a * Input Fig 2.12.b : Response.

The response has no oscillations but it takes longer time to reach steady
state value.




TIME DOMAIN SPECIFICATIONS

u The transient response of a practical control system often exhibits damped
oscillations before reaching steady state.

u Actual output behavior according to the various time response specifications

The transient response characteristics of a control system to a unit step input is specified in terms
of the following time domain specifications.

1. Delay time, t,

2. Rise time, t

3. Peak time, tp

4. Maximum overshoot, MP
5. Settling time, t




S
=

Allowable tolerance

O s I R e R SR e

L. & & & B & 4 3 |

cft) &
1.0

o - —

Figure 10-21 Transient-response specifications.




1) Delay Time, Td

It is the time taken for response to reach 50 % of the final value  for the very
first time

2) Rise Time, Tr

C It Is the time taken for response to raise from 0 % to 100 % of the final
value for the very first time . It is for undamped system.

C For over damped system. It isthe time taken for response to raise from
10 % to 90 % .

® For critically damped system. It is the time taken for response to raise

from 5% to 95 %

) . -0
;. Rise Time, t, = . Rise time, t, =

o,



3) Peak Time, Tp

It is the time required for the response to reach its peak value for the very
first time.

4) Peak Overshoot, Mp

It is defined as the ratio of the maximum peak value to the final value

Let, c(o0)= Final value of c(t).
(tp) = Maximum value of c(t).

cft,) = ()
¢{0)

Now, Peak overshoot, M, =




5) Settling Time, Ts

Time required for the response to decrease and stay within specified

percentage of its final value  (Usual tolerable error :2 % or 5 % of final
value)

{ 2% Criterion )

(5% Criterion )




Example #1

Obtain the response of unity feedback system whose open loop transfer functionis G(s) = { : 3 and when the input
s(s+
IS unit step.

SOLUTION ' L(s)
' !

The closed loop systemis showninfig 1,

Ofs) __Gls)
R(s) 1+G(s)

The closed loop transfer function,

4

Cls)_ s(s+5) _
Ris) 1+ :
s(s+5) s{s+5)




The response in s-domain, C(s) = R(s)

(s+1) (s+4)

Since the input is unit step, R(s) = 1 ; + C(8) = 4
-

s(s+1)(s+4)
By partial fraction expansion, we can write,
Cls) - 4 A B C
_s{5+1}(5+4)—51-5+1 s+4

4 _A, B _C Puts=-1
s(st+l)(s+4) s s+1 s+4 A=-3B\ B=-4/3
Puts=-4

4 =A(s+1)(s+4)+Bgs+4)+Cgs+1])
Puts=0
A=4A \ A=1 4=C(-4)(-3) \ C=1/3




4

A= TG a

The time domain response c(t) is obtained by taking inverse Laplace transform of C(s).

Response in time domain, c(t)= L™{C(s)} =L {1 R }

s 3 s+l 3 s+4

RESULT

Response of unity feedback system, c(t)=1- %[ fot e.m]




Example #2

The unity feedback systemis characterized by an open loop transfer function G(s) =K/s (s +10). Determine the gain K,
so thatthe system will have a damping ratio of 0.5 for this value of K. Determine peak overshoot and ime at peak avershoot for

a unit step input.
SOLUTION
The unity feedback system is shown infig 1.

cis) Gl
Ris) 1+G(s)

The closed loop transfer function

Giventhat, G(s)=K/s (s +10)

K
C(s) _ s(s+10) ) K K

RS 1, K s(s+10)+K s7+10s+K
s(s+10) .

R(s)

G(s)

C(s)

:

Fig I Uni@ feedback system.




The value of K can be evaluated by comparing the system transfer function with standard form of second order transfer
function. | |

. Gs) op __ K

" Ris) s2+Xos+0l s°+10s+K

On comparing we get,

0’=K . | ZALo,=10 K=100
.‘.(»naﬁf Putc=0.Sandwn=«/R o, = 10rad/sec
- 2x05xyK =10

JK=10

The value of gain, K =100,




Percentage peak overshoot, %M, = e“"m x100 -

=g 0505 | 10020163 %100 =16.3%

Peak time, t, = — = — = ——=0.363 s6C
0 G1-¢2  10y1-05°

RESULT

The value of gain,

Percentage peak overshoot,

- Peaktime,




Example #3

A positional control system with velocity feedback is shown in fig 1. Whatis the response c{t) to the unitstep input. Given
at; =0.5. Also calculate rise time, peak time, maximum overshoot and settling time.

5OLUTION

| -~ Ris) Cls)
ﬂ
The closed loop transfer function, E(_s_] = Gls) .

R(s) 1+G(s) H(s)
Given that G(s) = 16/s(s + 0.8) and H(s) = Ks +1

16
- Cls) s(s+08) _ 16
" Rs) 4, 16 " 5(s+0.8)+16(Ks +1)

16
T §2+08s+16Ks+16  s2+(08+16K) s+16




The values of K and o, are obtained by comparing the system transfer function with standard form of second order
ransfer function.

N I S
" Ris) sP+2os+ol s¢+(08+16K)s+16

Oncomparingwe get.

02=16 0.8+16K =20,

n

. 2w, -08 _2x05x4-0.8
L R R T
o, =4rad/sec 6 ™

- Cls) 16 16
" Rs) s?+(08+16x02)s+16 s*+4s+16

0.2




. Cls) 16 4o
" Rs) s+(08+16x02)s+16 % +4s+16

Given that the damping ratio, = 0.5. Hence the system is underdamped and so the response of the system will have
damped oscillations. The roots of characteristic polynomial will be complex conjugate.

16
s +45+16

The response in §-domain, C(s)= R(s)

For unit step input, R(s) = 1/s.

% 16
?+45+16 s (s%+4s+16)

0=~




By partial fraction expansion we can write,

16 A  Bs+C

Cls) = =
(8) s (s + 4s + 16) s s2+4s+16

16 A Bs+C
_|.

- = . Comparethe coeff of s:
S(s“+4s+16) s S +4s+16

0=4A+C - (1
Comparethe constant coeff:

16 = A(s* +4s+16) +(Bst+C)s
16= As’ +4As+16A+Bs"+Cs l16_16A \ A=1 & B=-1

Comparethe coeff of s : Substitutethe abovevaluesin Eqnl
0=A+B \ A=-B 0=4+C \ C=-4




. 16 _ Bs+C
s (s* + 4s + 16) s? +4s+16

-s-4 1 s+4

e T T T 7 e AL10
s s“+4s+16 s s +4s+4+12




